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ON 

The well-known geometric approach to field theory is based on description of classical 
fields as sections of fibred manifolds, e.g. bundles with a structure group in gauge theory. 
In this approach, Lagrangian and Hamiltonian formalisms including the multiomentum 
Hamiltonian formalism are phrased in terms of jet manifolds [fll [3], ^|, [| [TD|. Then, 
configuration and phase spaces of fields are finite-dimensional. Though the jet manifolds 
have been widely used for theory of differential operators, the calculus of variations and 
differential geometry, this powerful mathematical methods remains almost unknown for 
physicists. This Supplementary to our previous article JTO] aims to summarize necessary 
O requisites on jet manifolds and general connections [| [TT| . 

m 

All morphisms throughout are differentiable mappings of class C°°. Manifolds are real, 
\ Hausdorff, finite-dimensional, second-countable and connected. 

We use the conventional symbols ®, V and A for the tensor, symmetric and exterior 
products respectively. The interior product (contraction) is denoted by J . 

The symbols mean the partial derivatives with respect to coordinates with indices 

B 
A- 

Given a manifold M with an atlas of local coordinates {z x ), the tangent bundle TM 
of M (resp. the cotangent bundle T*M of M) is provided with the atlas of the induced 
$_i ■ coordinates (z x ,z x ) (resp. (z x ,z\) relative to the holonomic bases d\ (resp. dz x ). 



If / : M — > M' is a manifold mapping, by 

V/ : I'M — TM' 



z' x - d J-z* 

dz a 



is meant the morphism tangent to /. 

By pr x and pr 2 , we denote the canonical surjections 

px 1 :AxB^A, pi 2 :AxB^B. 

We handle the following types of manifold mappings / : M — > M' when the tangent 
morphism Tf to / meets the maximal rank. These are immersion, submersion and local 
diffeomorphism when / is both immersion and submersion. 

Recall that a mapping / : M — > M' is called immersion (resp. submersion) at a point 
z G M when the tangent morphism Tf to / is injection (resp. surjection) of the tangent 



1 



space T Z M to M at z to the tangent space Tft z \M' . A manifold mapping / of M is termed 
immersion (resp. submersion) if it is immersion (resp. submersion) at all points of M. 

A triple / : M — > M' is called the submanifold (resp. the fibred manifold) if / is 
both immersion and injection (resp. both submersion and surjection) of M to M' . A 
submanifold which also is a topological subspace is called the imbedded submanifold. 
Every open subset U of a manifold M is endowed with the manifold structure such that 
the canonical injection ijj : U M is imbedding. 



1 Fibred manifolds 

Throughout the work, by Y is meant a fibred manifold 

n:Y^X (1) 

over an n-dimensional base X. We use symbols y and x for points of Y and X respectively. 

The total space Y of a fibred manifold 1" — > A, by definition, is provided with an atlas 
of fibred coordinates 

(x x ,y i ), x x ott = x x , 

X A^ X 'V), y^y'W), (2) 

where (x A are coordinates of X. They are compatible with the fibration ([[J). 

A fibred manifold Y —>■ X is called the locally trivial fibred manifold if there exists 
a fibred coordinate atlas of Y over an open covering {vr _1 ([/g)} of Y where {Ug} is an 
open covering of the base X. In other words, all points of a fibre of Y belong to the 
same coordinate chart. By a differentiable fibre bundle (or simply a bundle), we mean 
the locally trivial fibred manifold ([I]) provided with a family of equivalent bundle atlases 

* = {^,VJ, ^ : tt- 1 ^) -> t/ e x V, 

where 1/ is a standard fibre of Y. Recall that two bundle atlases are called equivalent if 
their union also is a bundle atlas. 

If Y —>■ X is a bundle, the fibred coordinates (|2|) of Y are assumed to be bundle 
coordinates associated with a bundle atlas ^ of Y, that is, 

y i (j/) = (0 i opr 2 o^)(?/), 7r(y)ef/e, (3) 

where 0* are coordinates of the standard fibre Y of Y. 

Given fibred manifolds Y — > X and Y' — > X f , by a fibred morphism is meant a fibre- 
to- fibre manifold mapping $ : Y — >• Y' over a manifold mapping / : X — > X'. If / = Idx, 
fibred morphism is termed the fibred morphism -h> over X. 

In particular, let Xx denotes the fibred manifold Idx '■ A «— > A. Given a fibred 
manifold Y — > A, a fibred morphism A^ — ► Y over A is a global section of Y — > A. It 
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is a closed imbedded submanifold. Let N be an imbedded submanifold of X. A fibred 
morphism — > y over X <^ X is called a section of Y — > X over A/". For each point 
x G X, a fibred manifold, by definition, has a section over an open neighborhood of x. 

Remark. In accordance with the well-known theorem, if a fibred manifold Y — > X 
has a global section, every section of Y over a closed imbedded submanifold N of X is 
extended to a global section of Y due to the properties which are required of a manifold. 

If fibred morphism Y — > Y' over X is a submanifold, Y — > X is called the fibred 
submanifold of Y' — > X. Fibred imbedding and fibred diffeo morphism are usually callled 
the monomorphism and the isomorphism respectively. 

Given a fibred manifold Y — > X, every manifold mapping / : X' — > X yields the 
pullback f*Y — > X' comprising the pairs 

{(y,x')eYxX'\ n(y) = f(x')} 

together with the surjection (y, x') — > x'. Every section s of the fibred manifold Y — > X 
defines the corresponding pullback section 

(rs)(x') = ((sof)(x'),x'), x'eX', 

of the fibred manifold f*Y — > X' . 

In particular, if a mapping / is a submanifold, the pullback f*Y is called the restriction 
Y \f(x') of the fibred manifold Y to the submanifold f(X') C X. 

The product of fibred manifolds n : Y —>■ X and n' : Y' — > X over X, by definition, is 
the total space of pullbacks 

n * Y > = n '*y = YxY'. 

x 

A composite fibred manifold (or simply a composite manifold) is defined to be com- 
position of surjective submersions 

O 7Ty S : Y -> S -> X. (4) 

It is the fibred manifold K — > X provided with the particular class of coordinate atlases: 

(x\a m ,y l ) (5) 

x' X = f\xn, o' m = /"V,ff B ), y" = 

where (x^, a m ) are fibred coordinates of the fibred manifold S — > X. 

In particular, let — > y be the tangent bundle of a fibred manifold Y — > X. We 
have the composite manifold 

TY^TX -> X. (6) 

Given the fibred coordinates @ of V, the corresponding induced coordinates of TY are 
(x x ,y i ,x x ,y i ). 



3 



The tangent bundle TY — > Y of a fibred manifold 1" has the subbundle 

= KerTvr 

which is called the vertical tangent bundle of Y. This subbundle is provided with the 
induced coordinates (x x , y\ y l ). 

The vertical cotangent bundle V*Y —>■ Y of Y , by definition, is the vector bundle dual 
to the vertical tangent bundle VY —>■ Y, it is not a subbundle of T*Y . 

With VY and V*Y, we have the following exact sequences of bundles over a fibred 
manifold Y — > X: 

O^VY ^TY^YxTX ^0, (7a) 
O^Fx T*X ^ T*Y -> F*y -> 0. (7b) 

For the sake of simplicity, we shall denote the products 

YxTX, Yx T*X 
x x 

by the symbols TX and T*X respectively. Different splittings 

YxTX^ TY, V*Y -> T*Y 

x y 

of the exact sequences ( [7a]) and (fTH), by definition, correspond to different connections 
on a fibred manifold Y. 

At the same time, there is the canonical bundle monomorphism 

AT*X®V*Y^ n A'T*Y. (8) 
y y v 1 

Let $ : Y" — > Y' be a fibred morphism over /. The tangent morphism T$ to $ reads 
(x /A , jf) o T$ = (^/ A i M , + ol^V). (9) 

It is both a linear bundle morphism over $ and a fibred morphism over the tangent 
morphism Tf to /. Its restriction to the vertical tangent subbundle VY yields the vertical 
tangent morphism 

F$ : VY -> VT 7 , 

/ o V$ = 6» J $ l ?/ i . (10) 

Vertical tangent bundles of fibred manifolds utilized in field theory meet almost always 
the following simple structure. 

One says that a fibred manifold Y — > X has vertical splitting if there exists the linear 
isomorphism 

a:VY^YxY (11) 

Y X y ' 
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where Y — > X is a vector bundle. The fibred coordinates (|2|) of 1" are called adapted to 
the vertical splitting ([Ll]) if the induced coordinates of the vertical tangent bundle VY 
take the form 

{x^^^y 1 = rf oa) 

where (x^^y 1 ,!/ 1 ) are bundle coordinates of Y. In this case, transition functions y 1 — > y n 
between induced coordinate charts are independent on the coordinates y % . 
In particular, a vector bundle Y — > X has the canonical vertical splitting 

l/y = Fx7. (12) 

An affine bundle Y modelled on a vector bundle Y has the canonical vertical splitting 

VY = YxY. (13) 

Moreover, linear bundle coordinates of a vector bundle and affine bundle coordinates of 
an affine bundle are always adapted to these canonical vertical splittings. 
We shall refer to the following fact. 

Lemma 1.1: Let Y and Y' be fibred manifolds over X and $ : Y — > Y' a fibred 
morphism over X. Let V§ be the vertical tangent morphism to $. If y admits vertical 
splitting VV — Y'xY, then there exists the linear bundle morphism 

VQ-.VY^YxY (14) 

over Y given by the coordinate expression 

y n o F$ = dj$ l y j . 



By differential forms (or symply forms) on a fibred manifold, we shall mean exterior, 
tangent-valued and pullback-valued forms. 

Recall that a tangent-valued r-form on a manifold M is defined to be a section 



^ v & Al A ... A cte Ar 



U 



of the bundle A T*M <g> TM. In particular, tangent- valued 0-forms are vector fields on M. 

Remark. There is the 1:1 correspondence between the tangent- valued 1-forms on M 
and the linear bundle morphisms TM — > TM or T*M — > T*M over M 



M -> T*M ® TM, 

T 2 M 9 t (-»• tj G T Z M, 

T;M 9fn ^(^Jt* G T*M. 



(15) 



For instance, Id tm corresponds to the canonical tangent- valued 1-form on M: 

e M = dz x ®d x , d x \e M = d x . 
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Let A T*(M) be the sheaf of exterior r-forms on M and T(M) the sheaf of vector fields 

r 

on M. Tangent- valued r-forms on a manifold M constitute the sheaf AT*(M) ® T(M). 
It is brought into the sheaf of graded Lie algebras with respect to the Frolicher-Nijenhuis 
(F-N) bracket. 

The F-N bracket is defined to be the sheaf morphism 

A T* (M) <g> T(M) x A T* ( Af) <8> T(M) -> T ' T* (M) <g> T(M) , 

= -(-l)l*IM[<7,0] = 
= aA/3®[«,ti] + oA L u /3 g) v - (-l) rs P A L^ct <g> u 
+ (-l) r (v\a) Ad{3®u- (-l) rs+s (u\/3) Ada®v, 

a G AT*(M), /3GAT*(M), u,veT(M), 

where L u and L„ are the Lie derivatives of exterior forms. We have its coordinate expres- 
sion 

[<M = (0A 1 ...A, 5 X r+1 ...A r+s 

_ ( _1 ) rS(7 Ai...A s ^^A s+ i...A r+s _ r( / , Ai...A r _i i /^A ? .C r A r+ i...A r+s 

+ (-l) r ^<...A s „ 1 ^A fl C + ,..A r+s )^ Al A ... A dz X ^ ® d». 

Given a tangent-valued form 0, the Nijenhuis differential is defined to be the sheaf mor- 
phism 

dfi ■ (y i ^ dfyO = [(p, a}. (16) 
In particular, if 9 = u is a vector field, we have the Lie derivative of tangent- valued forms 

L u a = [u, a] = (u u d u a^ Xs - al^d^ 

+ s °x 1 ...x s - 1 udxsU u )dx Xl A ... A dx x ° <g> d„. 

The Nijehuis differential C P~6|) can be extended to exterior forms a by the rule 

d^o = 4>\da+ (-l) r d((j)\a) = (4> Xl ^ Xr d u a Xr+1 ... Xr+3 

+(-l) rs ^A 1 ...A s _ 1 ^ As ^ s+1 ... Ar+ Jd^ A ... A dz X ^. (17) 

In particular, if = 9 m , the familiar exterior differential 

dg M a = da 

is reproduced. 

On a fibred manifold Y — > X, we consider the following particular subsheafs of exterior 
and tangent-valued forms: 
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(i) exterior horizontal forms <fi : Y — > A T*X; 

(ii) tangent-valued horizontal forms 

4> : y -> a t*x ® ry 

y 

= dx x ' A ... A cfe A " (g) (^ Xl ...xA + K...xA^ 

(iii) tangent-valued projectable horizontal forms 

= dx x ' A ... A cfa A " ® (^..^(z)^ + <... Ar (2/)^); 

(iv) vertical-valued horizontal forms 

: y -> a rx ® yy 

y 

(f) = (f? Xi Xr dx Xl A ... A dx Xr g> 5j. 

Vertical-valued horizontal 1-forms on7->X are termed the soldering forms. 
By pullback- valued forms on a fibred manifold y — > X, we mean the morphisms 

Y ^ AT*Y(g)TX, (U 

Y 

r 



Y ^ AT*Y®T*X. (19) 

Let us emphasize that the forms flI8|) are not tangent-valued forms and the forms ( |T9"| ) 
are not exterior forms on y. In particular, we shall refer to the pullback n*9x of the 
canonical form 6x on the base X by it onto Y. This is a pullback-valued horizontal 
1-form on Y — > X which we denote by the same symbol 

6> x : y -> T*X <g> TX, 6 X = dx x ® 9 A . (20) 
y 

Horizontal n-forms on a fibred manifold y — > X are called horizontal densities. We 
denote 

uj = dx 1 A ... A cfe n . 



2 Jet manifolds 

This Section briefs some notions of the higher order jet formalism and illustrates them by 
the ones of first and second order jet machineries. 

We use the multi-index A, | A |= k for symmetrized collections (Ai...Afc). By A + A is 
meant the symmetrized collection (Ai...AfcA). 
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Definition 1.2: The fc-order jet space J k Y of a fibred manifold Y — > X is defined to 
comprise all equivalence classes j k s, X G X, of sections s of Y so that sections s and s' 
belong to the same class j k s if and only if 

d A s i (x) = d A s H (x), 0<|A|<£;. 



In other words, sections of Y — > X are identified by the first fc + 1 terms of their Teylor 
series at points of X. 

Given fibred coordinates (§) of Y, the /c-order jet space J k Y is provided with atlases 
of the adapted coordinates 

(x\y A ), 0<|A|<A;. 

They bring J k Y into a finite-dimensional smooth manifold satisfying the conditions which 
we require of a manifold. It possesses the composite fibration 

jky jfc-ly _, _ ^ Y -> X 

In particular, the first order jet manifold (or simply the jet manifold) J 1 Y of 1" consists 
of the equivalence classes j^s, x G X, of sections s of Y so that different sections s and s' 
belong to the same class j].s if and only if 

Ts \ Tx x= Ts' \ Tx x ■ 

In other words, sections s G j^s are identified by their values s l (x) = s'\x) and values of 
their partial derivatives d^s l (x) = d^s'\x) at the point x of X. 
There are the natural surjections 

7Ti : J X Y 3 jls higI, (21) 
ttoi : J X Y 3 j\s ^ s(x) G Y (22) 

We have the composite manifold 

7Ti = 7T o 7r 01 : J X Y -> Y -> X. 

The surjection ([H]) is a fibred manifold. The surjection Q2"!^ ) is a bundle. If Y — > X is a 
bundle, so is the surjection fl2T|). 

The first order jet manifold J 1 Y of Y is provided with the adapted coordinate atlases 

(x\y\y l x ), (23) 
(x\y\y\)Uls) = (x\s\x),d x s\x)), 
,i ( dy n • dy n dx» 

y ^ = { W yi + dx-^ (24) 
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A glance at the transformation law shows that the bundle J l Y — > Y is an affine 
bundle. We call it the jet bundle. It is modelled on the vector bundle 

T*X ®VY^Y. (25) 

The second order jet manifold J 2 Y of a fibred manifold Y — ► X is defined to be the 
union of all equivalence classes j 2 s of sections s of Y ^ X such that sections s G j^s 
are identified by their values and values of their first and second order partial derivatives 
at the point x G X. The second order jet manifold J 2 Y is endowed with the adapted 
coordinates 

(x\y\y i x ,y i XlM = y^ x ), 

VxUl*) = V*.(£ a ) = <W(x)- 

Let y and Y' be fibred manifolds over SXS and $ : K — > Y' a fibred morphism over 
a diffeomorphism / of X. It yields the fc-order jet prolongation 

J fc $ : J k Y 3 j k s ^ j k f(x) ($ o 8 o J" 1 ) G J k Y' 

of $. In particular, the first order jet prolongation (or simply the jet prolongation) of $ 
reads 

J 1 * : J l Y -> J 1 ^', 

•/''I':./'.- - ./i,i'I'^o/ •). (26) 

y'l o j!$ = d x {& o /- 1 ) + d0 l y{ o /- 1 ). 

It is both an affine bundle morphism over $ and a fibred morphism over the diffeomor- 
phism /. 

Every section s of a fibred manifold Y — > X admits the fc-order jet prolongation to 
the section 

(■/*«)(*)=#» 

of the fibred manifold J k Y — > X. In particular, its first order jet prolongation to the 
section J x s of the fibred jet manifold J 1 !" — > X reads 

(x\ y*, yl) o J x s = (x\ s\x),d x s\x)). (27) 

Every vector field 

u = u x d x + w^i 

on a fibred manifold 1" — > X has the jet lift to the projectable vector field 

u = roJ 1 u:J 1 Y-^ TJ% 

u = u x d x + u% + (d x u l + yidjU* - yld x u»)%, (28) 
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on the fibred jet manifold J l Y — > X. To construct it, we use the canonical fibred mor- 
phism 

r : J X TY -> TJ 1 ^ 

(x\ ?/, y{, x\ y\ y\)or= {x\ y\ y{, x\ y\ (y% - yffi), 

where J l TY is the jet manifold of the fibred manifold TY — > X. In particular, there 
exists the canonical isomorphism 

VJ'Y = J'VY, y\ = (y%, (29) 

where J l VY is the jet manifold of the fibred manifold VY — > X and V J X Y is the vertical 



tangent bundle of the fibred manifold J X Y — > X. As a consequence, the jet lift (|28 



of a vertical vector field u on a fibred manifold Y — > X consists with its first order jet 
prolongation 

u = j 1 u = u % + (dxu* + yidju^d* 

to a vertical vector field on the fibred jet manifold J l Y — > X. 

Given a second order jet manifold J 2 Y of Y, we have (i) the fibred morphism 

r 2 : J 2 TY TJ 2 Y, 

(fx, VL) ° r 2 = ((^)a - yffl, (y 4 ) AQ - y^ a - y^j*), 
and (ii) the canonical isomorphism 

VJ 2 Y = J 2 VY 

where J 2 VY is the second order jet manifold of the fibred manifold VY — ► X and VJ 2 Y 
is the vertical tangent bundle of the fibred manifold J 2 Y — > X. 

As a consequence, every vector field u on a fibred manifold Y — > X admits the second 
order jet lift to the projectable vector field 

u = r 2 oJ 2 u: J 2 Y -»■ TJ 2 Y. 

In particular, if 

u = u x d x + u % di 

is a projectable vector field on Y, its second order jet lift reads 
u = u x d x + u'di + {dxu' + yidju* - y^dxu^dl + 

[(da + vidj + y^)(d x + y k x d k y - ^ - y\^M a - (so) 

Given a fc-order jet manifold J k Y of Y, we have the fibred morphism 

r k : J k TY -> TJ fc Y 
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and the canonical isomorphism 

VJ k Y = J k VY 

where J k VY is the /c-order jet manifold of the fibred manifold VY — ► A and V J k Y is the 
vertical tangent bundle of the fibred manifold J k Y — > A. As a consequence, every vector 
field tiona fibred manifold Y — > X has the fc-order jet lift to the projectable vector field 

u = r k oJ k u: J k Y -> TJ k Y, 
u = u x d x + u i d i + u i h df, 

<+x = dxu\ - yi +fi u>", ( 31 ) 

on J k Y where 

dx = (d x + y^ +x df), 0<|S|<fc. (32) 

The expression ( |3TD is the fc-order generalization of the expressions ( p8| ) and (|30|). 

Algebraic structure of a bundle Y — > X also has the jet prolongation to the jet bundle 
J X Y —>■ X due to the jet prolongations of the corresponding morphisms. 

If Y is a vector bundle, J X Y — ► X does as well. Let Y be a vector bundle and () the 
linear fibred morphism 

() :Y xY*^X x R, 
r o () = yfy. 

The jet prolongation of () is the linear fibred morphism 

J 1 () : J X Y x J 1 ^* -> T* X x R, 

x^o^O = y^yi + y*y ilM . 

Let Y" — > A and Y' — > X be vector bundles and <g the bilinear fibred morphism 

® : Y xY'^Y®Y' 
xxx 

y ik o (g> = y*y fc . 

The jet prolongation of £g> is the bilinear fibred morphism 

J 1 ® : J X Y x J X Y' ^j\Y(g)Y'), 
x x x 

I/? o J 1 ® = ^ fe + y'y* 

If Y is an affine bundle modelled on a vector bundle Y, then J 1 !" — > X is an affine 
bundle modelled on the vector bundle J l Y — > X. 

Proposition 1.3: There exist the following bundle monomorphisms: 
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(i) the contact map 



A : J X Y — > T*X © TY, (33) 
y y 

A = dx x © d x = dx x <g> (9 A + y^), 
(ii) the complementary morphism 

0i : J 1 Y — > T*Y © VY. (34) 
0! = dy* ®di = (dy i - y\dx x ) © 

These monomorphisms able us to handle the jets as familiar tangent-valued forms. 
The canonical morphisms ( j33|) and fl34|) define the bundle monomorphisms 

A : J X Y x 3 d x i-f a A G J*Y x TY, (35) 
x y 

01 : J X Y x V*Y 3 dy i ^ dy* G J X Y x T*Y, (36) 

The morphism (|35|) yields the canonical horizontal splitting of the pullback 

J X Y xTY = \(TX) © VY, (37) 
y j!y 

.Aa i •in -A/a , ..ia\ , /•.« -A„.i 



± A <9 A + tfdi = x x (d x + y^) + (y l - xYJdi. 



Accordingly, the morphism fl36|) yields the dual canonical horizontal splitting of the pull- 
back 

ji Y x t*Y = T*X © 6i(V*Y), (38) 
y j!y 

£ A cfe A + mdy 1 = (x x + yiy\)dx x + y»(<V - y l \dx x ). 

In other words, over J 1 Y, we have the canonical horizontal splittings of the tangent and 
cotangent bundles TY and T*Y and the corresponding splittings of the exact sequences 
Q7j|) and ([TJ]). 

In particular, one gets the canonical horizontal splittings of 

(i) a projectable vector field 

u = u x d\ + u l di = Uh + Uy 

= u x {d x + y\d l ) + {u l -u x y{)d ll (39) 

(ii) an exterior 1-form 

a = a x dx x + o l dy l 

= (a x + y\<?i)dx x + a^dy* - y\dx x ), 
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(iii) a tangent-valued projectable horizontal form 



dx x - A ... A dx K ® (C.. Ar ^ + Al ... Ar ^) 
^ A . . . A dx A " <g> [<f>^...xM + ^) 



(iv) the canonical 1-form 

6 Y = dx x ®d x + dy { ® 



A + 6>! = dx x ® <9 A + dy* ® <9i 

= dx A (g) (<9 A + y A ^) + (dy* - y\dx x ) ® 9;. (40) 



As an immediate consequence of the splitting fl40|), we get the canonical horizontal 
splitting of the exterior differential 

d = d dY = d H + d v = d x + dg 1 . (41) 

Its components dn and dy act on the pullbacks of horizontal exterior forms 

( t ) \i...\r(y)dx Xl A ... A dx Xr 

on a fibred manifold Y — > X by 7r i onto J 1 ! 7 . In this case, d# makes the sense of the 
total differential 

d H (px 1 ...x r {y)dx Xl A . . . A dx Xr 

= (0„ + yl l d i )4> Xl ... Xr (y)dx^ A dx Xl A ... A dx Xr , 

whereas dy is the vertical differential 

dy</> Al ... Ar (y)dx Al A ... A dx K 

= d i( f) Xl ...xM(dy l ~ A dx Xl A ... A dx x \ 

If <fi = cf)uj is an exterior horizontal density on Y — > X, we have 

d0 = dv4> = di(pdy l A u>. 

There exist the following second order generalizations of the contact map ( |33| ) and the 
complementary morphism fl34|) to the second order jet manifold J 2 Y: 

(i) A : J 2 Y -> T*X ® TJ 1 ! 7 , 
J 1 ^ jiy 

A = dx A ® <9 A = dx A ® («9 A + y A d, + y^Sf ) , (42) 
(ii) : J 2 Y -> rj 1 ^ (8) W 1 ! 7 , 

0i = (*/ - y A dx A ) ® 9, + (dy; - y ; A dx A ) (g) 3f . (43) 
13 



The contact map (|42|) defines the canonical horizontal splitting of the exact sequence 

VJ l Y ^ TJ X Y J X Y xTI^O. 
j x y jiy x 

In particular, we get the canonical horizontal splitting of a projectable vector field u 
on J X Y over J 2 Y: 

u = u H + u v = u x [d x + y\ + y^ x ] 

+ [(u*-y\u x )d l + (n i lM -y^u x m (44) 



Using the morphisms fl4"2| ) and (f£3D, we can still obtain the horizontal splittings of the 
canonical tangent-valued 1-form 8jiy on J l Y and, as a result, the horizontal splitting of 
the exterior differential which are similar the horizontal splittings (0) and (|41~1) : 

9jx Y = dx x ® a A + dy< (8 $ + <g> flf = A + e u 

d = d 0jly = d x + d$ 1 = d H + d v . (45) 

The contact maps (33) and (|42|) are the particular cases of the monomorphism 

A : J k+1 Y -> T*X (8) TJ fe F, 

J k Y 

\ = dx x ®(dx + y i A+ xdf), 0<|A|<fc. (46) 



The /c-order contact map ( J4T)| ) sets up the canonical horizontal splitting of the exact 
sequence 

o -> Tj fc r -> j fc y xti^o. 

x 

In particular, we get the canonical horizontal splitting of a projectable vector field u on 
J k Y -> X over J fc+1 F: 

« = % + % = « A (^a + 2/l +A af) + « - y{ + xW, <| A |< k. 

This splitting is the k-order generalization of the splittings (|39|) and (|30l). 

Definition 1.4: The repeated jet manifold J x J l Y is defined to be the first order jet 
manifold of the fibred jet manifold J l Y — > X. 

Given the coordinates ( Ell ) of J X Y, the repeated jet manifold J 1 J X Y is provided with 
the adapted coordinates 

{x x J,y\,y^y^). (47) 
There are the following two bundles: 

(z) TTii : J X J X Y -> J 1 ^, (48) 

(ii) J^oi : J 1 J X F -> J 1 ^, (49) 
y\o JVqi = y( A) . 
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Their affine difference over Y yields the Spencer bundle morphism 

S = J 1 n 01 - tv u : ^J l Y -> T*X ® VY, 

Y Y 

{x\ y i ,x x ®y i )o8= {x\ y\ y\ x) - y\). 
The kernel of this morphism is the sesquiholonomic affine subbundle 

PY -> J X Y (50) 

of the bundles fl48|) and (|49|) . This subbundle is characterized by the coordinate condition 
2/(A) = V\- ^ * s modelled on the vector bundle 

i)T*X ® VY. 

Given the coordinates (fT7p of J 1 J x y, the sesquiholonomic jet manifold J 2 Y is provided 
with the adapted coordinates (x A , y\ y\, y\^)- The second order jet manifold J 2 Y is the 
affine subbundle of the bundle ([50]) given by the coordinate condition y\ = y^ x . It is 
modelled on the vector bundle 

We have the following affine bundle monomorphisms 

J 2 Y ^PY ^ J l J x Y 
over J l Y and the canonical splitting 

J*Y = J 2 Y ® (AT*X®VY), (51) 
jiy y 

Let $ be a fibred morphism of a fibred manifold Y — > X to a fibred manifold V — > 
X over a diffeomorphism of X. Let J 1 ^ be its first order jet prolongation ([26]). One 
can consider the first order jet prolongation J 1 J 1 $ of the fibred morphism J x $. The 
restriction of the morphism J 1 J 1 $ to the second order jet manifold J 2 Y of Y consists 
with the second order jet prolongation J 2 $ of a fibred morphism 

In particular, the repeated jet prolongation J 1 J s of a section s of Y — > X is a section 
of the fibred manifold J 1 J 1 y — > X. It takes its values into J 2 Y and consists with the 
second order jet prolongation J 2 s of s: 

{J 1 J l s){x) = {J 2 s){x)=f x s. 

Given the fibred jet manifold J k Y — > X, let us consider the repeated jet manifold 
jijfcy provided with the adapted coordinates (x^,y A ,y AX ). Just as in the case of k = 2, 
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there exist two fibred morphisms of J l J k Y to J 1 J k X Y over X. Their difference over 
jfc-iy j g /j_ or( j er Spencer morphism 

jfc-iy 

where V«7* -1 y is the vertical tangent bundle of the fibred manifold J k ~ 1 Y — > X. Its 
kernel is the sesquiholonomic subbundle J k+1 Y of the bundle J k+1 Y — > y. It is endowed 
with the coordinates (x^ , y l A , y l AfJ ) , | A |= fc. 

Proposition 1.5: There exist the fibred monomorphisms 

jky ^ Jky ^ J x J k ~ x Y (52) 

and the canonical splitting 

jfc+iy = jk+i Y (T*X A V T*X <g> yy) , (53) 

jky Y 



We have the following integrability condition. 

Lemma 1.6: Let s be a section of the fibred manifold J k Y — > X. Then, the following 
conditions are equivalent: 

(i) s = J k s where s is a section of Y — > X, 

(ii) J x s : X -> j fe+1 y, 

(iii) J 1 ^ : X J fc+1 y. 

Building on Proposition 1.5 and Lemma 1.6, we now describe reduction of higher order 
differential operators to the first order ones. 

Let Y and Y' be fibred manifolds over X and J k Y the &-order jet manifold of Y. 
Definition 1.7: A fibred morphism 

£ : J k Y ^ Y' (54) 

is called the fc-order differential operator (of class C°°) on Y. It sends every section s of 
the fibred manifold Y to the section £ o J k s of the fibred manifold Y' . 

Proposition 1.8: Given a fibred manifold Y, every first order differential operator 

£": J l J k ~ x Y^Y' (55) 

on J k ~ l Y defines the fc-order differential operator £ = £" \jk Y on Y. Conversely, if a first 
order differential operator on J* -1 y exists, any A;-rder differential operator ( |54] ) on Y can 
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be represented by the restriction £" \ju Y of some first order differential operator (p^) on 
jk-ly to the /c-order jet manifold J k Y . 

Proof. Because of the monomorphism (|52| ) every fibred morphism J k Y — > Y' can be 
extended to a fibred morphism J 1 J k ~ 1 Y — > Y' . 

In particular, every /c-order differential operator (|5^) yields the morphism 



£' = £o V i 2 : J k Y^Y' (56) 



where pr 2 : J k Y — > J k Y is the surjection corresponding to the canonical splitting ([53]). 
It follows that, for every section s of a fibred manifold Y — > X, we have the equality 

8' o J l J k ~ l s = So J k s . 

We call £' (|56|) the sesquiholonomic differential operator and consider extensions of a 
/c-order differential operator £ (Q) to first order differential operators fl55"D only through 
its extension to the sequiholonomic differential operator (|56|) . 

Let s be a section of the fibred (k — l)-order jet manifold J k ~ l Y — > X such that its 
first order jet prolongation J x s takes its values into the sesquiholonomic jet manifold J k Y . 
In virtue of Lemma 1.6, there exists a section s of Y — > X such that s = J k ~ l s and 

£' ojH = £o J k s . (57) 

Let Y' — > X be a composite manifold Y 7 — > V — > X where Y' — > y is a vector bundle. 
Let the /c-order differential operator fl54|) on a fibred manifold Y" be a fibred morphism 
over Y. By Ker£ is meant the preimage £ _1 (0(Y)) where is the canonical zero section 
of Y' — > Y. We say that a section s of Y satisfies the corresponding system of fc-order 
differential equations if 

J k s(X) C Ker£. (58) 

Let a /c-order differential operator £ on Y — > X be extended to a first order differential 
operator £" on J fc_1 Y. Let s be a section of the fibred manifold J k ~ 1 Y — > X. We shall say 
that s is a sesquiholonomic solution of the corresponding system of first order differential 
equations if 

J 1 s(X) C Kei £" n J k Y. (59) 

Proposition 1.9: The system of the /c-order differential equations ( pq) and the system 
of the first order differential equations (p9|) are equivalent to each other. 

Proof. In virtue of the relation fl57|), every solution s of the equations fl58|) yields the 
solution 

s = J fe - X s (60) 

of the equations (^9|). Every solution of the equations (|59| ) takes the form (|60D where s is 
a solution of the equations (|58|) . 
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3 General Connections 



The most of existent differential geometric methods in field theory is based on principal 
bundles and principal connections. We follow the general notion of connections as sections 
of jet bundles J X Y — > Y without appealing to transformation groups. 



Given a fibred manifold Y — > X, the canonical horizontal splittings ( 37Q and ( 38Q of 
the tangent and cotangent bundles TY and T*Y of Y over the jet bundle J X Y — > 1" enable 
us to get the splittings of the exact sequences (ffaj) and ([7b|) by means of a section of this 
jet bundle. 

Definition 1.10: A first order jet field (or simply a jet field) on a fibred manifold 
K — ► X is defined to be a section T of the afline jet bundle J l Y —>■ Y. A first order 
connection T on a fibred manifold Y is defined to be a global jet field 

r : Y -»• J 1 ! 7 , 

(x A ,^, 2/ i)or = (x A ,^,r A ( ?/ )). (6i) 



By means of the contact map A ([33]), every connection T fl6"T|) on a fibred manifold 
Y — ► X can be represented by a projectable tangent-valued horizontal 1-form A o T on Y 
which we denote by the same symbol 



T = dx x ®(d x + T\(y)d l ), (62) 

r H = ^^! r i , d y'\ dxPj 

A l <9^' M dx^dx' x ' 

Substituting a connection T ( |B"2"D into the canonical horizontal splittings (^) and (58), 
we obtain the familiar horizontal splittings 

x x d x + y% = x x (d x + I\di) + {y l - x A F A )a,, 

x x dx x + ijidy 1 = (x x + I\yi)dx x + y^dy* - T\dx x ) (63) 

of the tangent and cotangent bundles TY and T*Y with respect to a connection V on 
Y. Conversely, every horizontal splitting ( p5| ) determines a tangent- valued form ( |6^) and, 
consequently, a global jet field on Y — * X. 

Since the affine jet bundle J l Y — > y is modelled on the vector bundle connections 
on a fibred manifold Y constitute an affine space modelled on the linear space of soldering 
forms on Y. It follows that, if T is a connection and 

a = a\dx x ® di 

is a soldering form on a fibred manifold Y", then 

T + a = dx x ® [d x + (r x + a\)d t ] 
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is a connection on Y . Conversely, if V and V are connections on a fibred manifold Y, 
then 

r - r' = (p a - r\)dx x ® a, 

is a soldering form on Y. 

For instance, let Y — > X be a vector bundle. A linear connection on Y reads 

r = dx x ®[d x + r i jX (x)y j a i \. (64) 

One introduces the following basic forms involving a connection T and a soldering 
form ct on a fibred manifold Y: 
(i) the curvature of T: 



R = ld r T = ~R\ a dx x A dx» <g> <9; 
1 



ft = rf CT r = d r a = ^\ fl dx x A dx^ <g> d t 



1 . „ 1 

2 (a A r; - a M r A + rforj, - v^v\)dx x a ® d t] (65) 

^ii) the torsion of V with respect to a: 

1 

2' 

(9 A a; + ridjai - d j T[aj 1 )dx x A dx" ® (66) 
(ii) the soldering curvature of cr: 

£ = ^d CT cr = ^£ AAt cfe A A dx^ = 

-(^•ffj - af 1 d j a i l )dx x A cfe^ <g> (67) 
In particular, the curvature (|65|) of the linear connection (0) reads 

— ^aT 1 j> - ^r'jA + r jx^kfi — r fc j>r*fcA- (68) 

A connection T on a fibred manifold Y — > X yields the affine bundle morphism 

D r :J l Y3z ^ z -T(ir 01 (z)) G T*XcpyY, (69) 

D T = (y\-T x )dx x ®d i . 

It is called the covariant differential. The corresponding covariant derivative of sections s 
of Y reads 

v rS = d f o j 1 * = (a A s* - (r o s)i)dx x ® a, (70) 
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A section s of a fibred manifold Y is called an integral section for a connection r on Y if 



r os = j 1 s, (71) 

that is, Vps = 0. 

Now, we consider some particular properties of linear connections on vector bundles. 

Let Y — > X be a vector bundle and T a linear connection on Y. On the dual vector 
bundle Y* —>■ X, there exists the dual connection T* is called the dual connection to T 
given by the coordinate expression 

For instance, a linear connection K on the tangent bundle TX of a manifold X and 
the dual connection K* to X on the cotangent bundle T*X read 

Kx = -K\ x (x)x„, (72) 

Let Y and Y' be vector bundles over X. Given linear connections T and T' on Y and 
Y' respectively, the tensor product connection r <8> r" on the tensor product 

Y(g)Y' -> X 
is defined. It takes the coordinate form 

(r®OA =rW* + r 'W i - 

The construction of the dual connection and the tensor product connection can be 
extended to connections on composite manifolds (U) when Y — > £ is a vector bundle. 

Let Y — ► £ — > X be the composite manifold (|J). Let J 1 ^, J Y^ and J X Y the first 
order jet manifolds of S — > X, Y — > £ and Y — > X respectively. Given fibred coordinates 
(x x ,<7 m ,y l ) (pj) of Y, the corresponding adapted coordinates of the jet manifolds J 1 !!, 
J X Y S and J X Y are 

(x\a m ,y i ,yi,yi n ), 

(x x ,a m ,y\a^,y^. (73) 

We say that a connection 

^4 = dx x <8> [0 A + HV)0 m + 4(j/)$], a = 7r ys (y), 
on a composite manifold Y — > E — > X is projectable to a connection 

r = dx A ® [<9 A + r A »a m ] 
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on the fibred manifold E — > X, if there exists the commutative diagram 

ji Y J^ji E 



A 



Y — ► E 

Let K — ► E be a vector bundle and 

A = dx x <8> [d A + iT(a)d m + A*,-* W^i] 

a linear morphism over T. Let Y* — > E — > X be a composite manifold where y* — > E is 
the vector bundle dual to F — > E. On y* — > X, there exists the dual connection 

A* = rfx A ® [«9 A + 17(<r)0 m - A^ a (<t) % <9*] (74) 

projectable to T. 

Let y — > E — ► X and 7' -> S -> X be composite manifolds where Y — > E and 
y — > E are vector bundles. Let A and A' be connections on y and Y' respectively which 
are projectable to the same connection V on the fibred manifold E — > X. On the tensor 
product 

y ® y -> x, 

s 

there exists the tensor product connection 

A® A' = dx x £g> (<9 A + r™9 m + (A^xy* + A' k jX y ij )d ik ) (75) 

projectable to T. 

In particular, let Y — > X be a fibred manifold and T a connection on y. The vertical 
tangent morphism yr to T defines the connection 

yr : vy -> yj : y = j x yy, 

yr = ^ (» (dx + r A |- + w|_), (76 ) 



on the composite manifold VY — ► y — ► X due to the canonical isomorphism (|29|). The 
connection yr is projectable to the connection T on Y, and it is a linear bundle morphism 
over T: 

VY^^VY 



Y j!y 

The connection (|76|) yields the connection 



V*Y = dx x ® (a A + 4 A - djTiy^) (77) 
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on the composite manifold V*Y — > Y — > A which is the dual connection to VT over T. 
Now, we consider second-order connections. 

Definition 1.11: A second order jet field (resp. a second order connection) T on a fibred 
manifold Y — > X is defined to be a first order jet field (resp. a first order connection) 
on the fibred jet manifold J X Y — > X, i.e. this is a section (resp. a global section) of the 
bundle ( Pj) . 

In the coordinates (pT7|) of the repeated jet manifold J 1 J 1 !^, a second order jet field T 
is given by the expression 

{y^yl^Vx^) °r = (yl,P (M) ,r^). 

Using the contact map (f^2"D, one can represent it by the horizontal 1-form 

T = dxf t 9(d^+T\ tl) a i + T% l a^) (78) 

on the fibred jet manifold J X Y — > X. 

A second order jet field r on Y is termed a sesquiholonomic (resp. holonomic) second 
order jet field if it takes its values into the subbundle J 2 Y (resp. J 2 Y) of J X J X Y. We 
have the coordinate equality = for a sesquiholonomic second order jet field and 

the additional equality = for a holonomic second order jet field. 

Given a first order connection T on a fibred manifold Y — > X, one can construct a 
second order connection on Y, that is, a connection on the fibred jet manifold J X Y — > A 
as follows. 

The first order jet prolongation J X T of the connection r on Y is a section of the bundle 
(l49f) , but not the bundle 7r n fl48|) . Let A* be a linear symmetric connection (|72|) on the 
cotangent bundle T*X of A: 

A A(U = -K a Xfl x a , Kx/j, = K^x- 

There exists the affine fibred morphism 

r K : J X J X Y -> J l J l Y, r K or K = Id JW , 

(yi vU)>yU) ° r ^ = (f(A)> 2/i> + - 4*)))- 

One can verify the following transformation relations of the coordinates (fT?|): 

li /i fi ;i 

y f , or k = y M , y^)°r k = y fl , 
y \n or k = y n\ + k x^y a -y {a))- 

Hence, given a first order connection T on a fibred manifold Y — > A, we have the second 
order connection 

JT = r K oJ 1 T, 

jt = dx» ® + r;a, + (<9 A r; + «9,r> A - - r* ))#], (79) 
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on Y. This is an affine morphism 



J l Y J X J X Y 



Til 



y — ► j x y 

r 



over the first order connection T. 

Note that the curvature R (|65|) of a first order connection T on a fibred manifold 
Y — > X induces the soldering form 

<x fi = ® (so) 

on the fibred jet manifold J X Y — ► X. Also the torsion ( pB| ) of a first order connection T 
with respect to a soldering form a on 1" — > X and the soldering curvature (^) of a define 
soldering forms on J l Y — > X. 
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